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Recent work in DRO

DRO problem for uncertain U taking values in U:
infimum UQ(z) = sup E,[f(z,U)] (DRO)
reX nEA(R)
Popular ambiguity sets / models:
Wasserstein / OT [MK18; BM19; ZYG24; GK23; ASD26]

sup  E,[f(U)] : E,[d(U,U)] <p, my=4p
YEPUXU)

“influence how values behave”
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Recent work in DRO

DRO problem for uncertain U taking values in U:
infimum UQ(z) = sup E,[f(z,U)]
reX nEA(R)
Popular ambiguity sets / models:

¢-divergence [BT07; BL15; AH21]

sup E,[f(U)] : Dg(fi,p) <p
HEPU)
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Recent work in DRO

DRO problem for uncertain U taking values in U:
infimum UQ(z) = sup E,[f(z,U)]
reX nEA(R)
Popular ambiguity sets / models:
Sinkhorn [WGX25; WM23; Dap+23; YZL25]

sup  E,[f(U)] : E,[dU,U)]+BD(v,7®@n) < p,
~EPUXU)

“interpolate between OT and ¢-divergence”
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Recent work in DRO

DRO problem for uncertain U taking values in U:
infimum UQ(z) = sup E,[f(z,U)]
reX nEA(R)
Popular ambiguity sets / models:

Unified model: CM-OT [Bla+25] handles each

sup E,[f(U)] « M(f,p) <p
HEPU)

“influence how values and weights behave”
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CM-OT discrepancy M(j, i) [Bla+25]

» Space: U =V x W of values and weights;
» Objective f : U/ — R (dropping dependence on “z");
» CM-OT discrepancy

infimum I, [e(V, W; V, W)]
My, (fi, @) = < YET(Ap)
s.t.  Ay=0¢L!, p-as.
» Primal UQ

(P) : sup E,[f]: M(a,pu) <p
HEPU)
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CM-OT duality

Upper bounds for (P):

(P) = sup {Eu[f] s M(fi, ) < p
REPU)
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CM-OT duality

Upper bounds for (P):

(P) = sup {Eu[f] o inf  sup{E,[d] + (¢, A7)} < p}

HEPU) YEL (A1) peT
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CM-OT duality

Upper bounds for (P):

P) < su E 1 osu inf
( )7ue7}()u){ H[f] wegveF(ﬂw)
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CM-OT duality

Upper bounds for (P):

P) < sup < infqIE,[f]+ A(p — sup
()< suwp {int{EL7]+ A
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CM-OT duality

Upper bounds for (P):

P) < inf su {]E + A(p — su inf
(P) < )‘ZOMEPI(:)U) wlf] (P wegvef(ﬂ,u)
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CM-OT duality

Upper bounds for (P):

(P) < inf Ao+ sup B, [£(U) = iV

A>0
2 ely
HE Y I
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CM-OT duality
Upper bounds for (P):

(P) < fnf Ap+ sup B [f(U) = (V) - (W = (V) = Ae(T50)] + (D)

A>0 ~vel,
pev

< inf Ap +]E,1{sup Fw) = (V) - (w—h(V)) = xe(U; u)} : (Dg +1P)
TL\E‘% ueU
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CM-OT duality
Upper bounds for (P):

(P) < fnf Ap+ sup B [f(U) = (V) - (W = (V) = Ae(T50)] + (D)

A>0 ~vel,
pev

< inf Ap +]E,1{sup Fw) = (V) - (w—h(V)) = xe(U; u)} : (Dg +1P)
125\(1): ueU

CM-OT duality [(P) = (Dy + IP)]:
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CM-OT duality
Upper bounds for (P):
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CM-OT duality [(P) = (Dy + IP)]:

[.[(P) = (Dy)] zero duality gap; and
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CM-OT duality
Upper bounds for (P):

(P) < fnf Ap+ sup B [f(U) = (V) - (W = (V) = Ae(T50)] + (D)

A>0 ~vel,
pev

< inf Ap +]E,1{sup Fw) = (V) - (w—h(V)) = xe(U; u)} : (Dg +1P)
125\(1): ueU

CM-OT duality [(P) = (Dy + IP)]:

[.[(P) = (Dy)] zero duality gap; and
II.[(Dy) = (Dg + IP)] Interchangeability Principle (IP) [Roc74;
ZYG24].
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When U/ is compact

Space of multipliers ¥ = Cy(V): Dual to compactly supported measures
Zero duality gap: Sion minimax for interchanging SUP,er, infa>o, pew

IP: Ensures existence of a solution map for IP

when U/ is not compact... (e.g., /i is Gaussian)
CM-OT duality fails in general: [(P) # (Dy)] for unbounded f
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Our results: when U/ is not compact

Theorem 1 (Zero gap: (P) = (D))

If f is bounded above; c is bounded below; and two assumptions
(pointwise correction and strict feasibility) hold; then (P) = (Dr).

Proof idea: use characterization of “zero gap” in perturbation duality

Theorem 2 (IP: (Dy~) = (D¢, + IP))

If in addition: f is usc; c is Isc; and V is Polish and W is bounded; then
(D) = (D¢, +IP).

Proof idea: Lusin’s theorem + Tietze extension theorem

Circumventing Compactness in Conditional-Moment Optimal Transport Duality CM-OT DRO Problem and Duality
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Perturbation approach when I/ is not compact

Look for perturbation assumptions:

1. What if we have a strictly feasible measure ;°?

Can be helpful for existence of A for perturbed budget constraints
M(f, p) < pt7

Not enough...

2. What if we could perturb the CM constraint rhs h up/down?

Could we “correct” any failures of the CM constraint?
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Perturbation argument |: closedness goal

Starting point:
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Perturbation argument |: closedness goal

Starting point:

sup E'y[f]
’YGF[L
p(7,0) =9 s.t. Byl <p+r7

Goal: Show [Roc70; Pon80; ET99; Zal02]

(D) = (clp)(0,0) = 1(iH;)sugp(T,9) < p(0,0) = (P). (*)
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Perturbation argument Il: sequences

Main question: How do nearby solutions to nearby problems p(7,0)
relate to the unperturbed problem p(0,0)?

lim sup p(7,0) < p(0,0) ()
(7,0)—0

Step 1: there exists {7,-,0,}°°; C Rx L' s.t. (7,-,0,.) = 0 p(7,,0,) > 00
Step 2: leverage pointwise correction

Step 3: leverage strict feasibility
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Assumption: pointwise correction

1
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Assumption: strict feasibility

A
...................................................................................................................... . A~ = 0 slice
i Ve &
Yr
&
= (P)
,Y[)
> E,[c]
p p+Tr

lim sup p(7,6) < p(0,0)
(7,0)—0
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Discussion

» Assumptions in earlier works implied that f,c were bounded over
W xV and W;

» Strict feasibility holds if p is replaced with p + € for any € > 0;

v

Pointwise correction holds if ¢, f are Lipschitz continuous;

» In Theorems 1 and 2, neither primal nor dual attainment is
guaranteed; see arXiv (uploaded and processing!) for
counterexamples.
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Questions? Thanks!

Draft: arXiv:2603.20503
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https://arxiv.org/abs/2603.20503
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Appendices
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When does pointwise correction hold?

Suppose:
> strict feasibility holds: 7% : E.o[c] < p and Ay° = 0;
> (V)£ BeWw
» cis L-Lipschitz in (9, w;v,-)

Then:

>~ is nearly good enough

»if f are continuous in the w-component, then we can trade-of slack
in the transport budget to perturb 7°’'s w-component up/down
slightly to h £ b

»and if f> —0
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Unbounded f

Suppose: V=R W =R, f(v,w) =v-(w—1), A(V)=1, p>0,
c(0,; v, w) take value 400 if v # ¥ and zero otherwise.

Also let U be any probability distribution on V' that is not essentially
bounded above, i.e., D(V >1t) > 0 for every t € R, and let i : =D ® &,
be the product measure of & with the point-mass on 1.

Finally let ¥ := L (D).
Then 0 = (P) < (Dg) = +o0.
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